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Proeedings of Symposia in Pure Mathematis
Hausdor Dimension and Diophantine Approximation
M. Maurie Dodson and Simon Kristensen
1. Introdution
Dimension provides an indiation of the size and omplexity of a set and various
kinds, suh as box ounting, paking and Hausdor dimensions, play an important
role in the study of fratals [50℄. For example, the Hausdor dimension of the Can-
tor middle third set is log 2/ log 3 (proved by Hausdor in his seminal paper [60℄),
that of the Koh snowake urve is log 4/ log 3 and it has reently been shown that
the boundary of the Mandelbrot set, a very ompliated set of Lebesgue measure
0 or null set in the omplex plane with topologial dimension 1, has Hausdor di-
mension 2 [122℄. On the other hand, Diophantine approximation is a quantitative
analysis of rational approximation and so, at least at rst sight, is less geometrial.
The purpose of this artile is to show that Hausdor dimension plays an important
part in this theory too.
In order to keep the artile aessible, the emphasis is on approximation of real
numbers by rationals and the less well known topi of approximation of omplex
numbers by ratios of Gaussian integers. The more general theory, whih reently has
seen some spetaular advanes, will be referred to and some appliations skethed.
The artile is organised as follows. We begin with a brief treatment of Hausdor
measure and Hausdor dimension. We then explain some of the prinipal results in
Diophantine approximation and the Hausdor dimension of related sets, originating
in the pioneering work of Vojt¥h Jarník [98℄. We onlude with some appliations
of these results to the metrial struture of exeptional sets assoiated with some
famous problems. It is not intended that all the reent developments be overed
but they an be found in the referenes ited.
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2. Hausdor measure and dimension
Felix Hausdor introdued the notion of Hausdor dimension in a remarkable
and inuential paper [60℄ that extended Carathéodory's approah to Lebesgue mea-
sure [24℄ in a simple but far-reahing way. (Kahane's Foreword to the book Fra-
tals [29℄ inludes a short and moving biography of Hausdor.) Dimension had been
taken to be a non-negative integer but by a simple observation, whih Hausdor
desribed modestly as `a small ontribution', he modied Carathéodory's denition
of measure to obtain a measure assoiated with a dimension that ould be any non-
negative real number. We shall assume a knowledge of Lebesgue measure and as
usual, we shall often say almost no to indiate a null set  thus almost no numbers
are rational  and we shall say almost all to indiate a set whose omplement is
null, so that almost all numbers are irrational.
For familiar sets suh as the interval, irle and the plane, the Hausdor dimen-
sion (dened below) oinides with the usual notion of dimension and is respetively
1, 1 and 2. However, a signiant dierene is that any set in Eulidean spae has
a Hausdor dimension (a non-measurable set in Rn has full Hausdor dimension
n). In partiular, null sets, suh as Cantor's middle third set or the set of badly ap-
proximable numbers (see 3.2), have a Hausdor dimension and this gives a way of
disriminating between them. It is also natural to study the Hausdor dimension of
exeptional sets whih are sets assoiated with the invalidity of some result, making
it desirable that they be null. A brief and more or less self-ontained aount of
Hausdor measure and dimension is now given (more detailed expositions an be
found in [16, 49, 50, 52, 89, 106℄).
2.1. Hausdor measure. Carathéodory's approah to the measure of a set
E in Rn was based on `approximating' E by ountable overs onsisting of small
`simple' sets U in Rn. Hausdor's idea was to introdue for a given over, C say,
of E the sum (sometimes termed the s-length of the over C )
ℓs(C ) :=
∑
U∈C
(diamU)s,
where diamU = sup{|x−y|2 : x,y ∈ U} is the diameter of U (|x−y|2 is the usual
Eulidean distane between x and y) and where s is a non-negative real number that
is not neessarily an integer. Hausdor onsidered a monotoni funtion l whih
allows more disrimination but for simpliity we shall stik to the more familiar
widely used speial ase l(diamU) = (diamU)s, assoiated with what is now usually
alled the Hausdor dimension but also sometimes alled the Hausdor-Besiovith
dimension [106℄. The possibly innite number ℓs(C ) gives an indiation of the
number of subsets U in C needed to over E. In order to eet the approximation,
the diameter of the sets U in the over is restrited to be at most δ > 0.
Let
Hsδ(E) := inf
Cδ
∑
U∈Cδ
(diamU)s = inf ℓs(Cδ),
where the inmum is taken over all overs Cδ of E by sets U with diamU 6 δ; suh
overs are alled δ-overs. For a point x, Hsδ({x}) = 1 when s = 0 and vanishes
when s > 0. As δ dereases, Hsδ an only inrease as there are fewer U 's available,
i.e., if 0 < δ < δ′, then
Hsδ′(E) 6 Hsδ(E).
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The set funtion Hsδ is an outer measure on Rn but the limit Hs (whih an be
innite) as δ → 0, given by
(2.1) Hs(E) = lim
δ→0
Hsδ(E) = sup
δ>0
Hsδ(E) ∈ [0,∞],
is better behaved. From its onstrution by overs, Hs(E) 6 Hs(F ) for any E ⊂ F
and indeed is subadditive and a regular outer measure. The restrition to the σ-
eld of Hs measurable sets (whih inludes open and losed sets, limsup and liminf
sets and Gδ and Fσ sets) is usually alled the Hausdor s-dimensional measure.
Hausdor 1-dimensional measure oinides with 1-dimensional Lebesgue measure
and in higher dimensions, Hausdor n-dimensional measure is omparable to n-
dimensional Lebesgue measure, i.e.,
Hn(E) ≍ |E|,
where |E| is the Lebesgue measure of E and where for a, b > 0, a ≍ b means there
exist onstants c, c′ > 0 suh that a 6 cb 6 c′a or a = O(b), b = O(a) in Landau's
O-notation. Thus a set of positive n-dimensional Lebesgue measure has positive
Hausdor n-measure.
Beause it is dened in terms of the diameter of the overing sets, Hausdor
s-measure is unhanged by restrition to losed, onvex or open sets. It is also
unhanged by isometries and so in partiular by translations and rotations. It is,
however, aeted by saling in the natural way (as are fratals): for any r > 0,
Hs(rE) = rsHs(E).
2.2. Hausdor dimension. Zero-dimensional Hausdor measure H0(E) is
simply ounting measure; thus the Hausdor s-measure of a set of k points is k
when s = 0 and 0 for s > 0. This pattern is typial. When the set E is innite,
Hs(E) is either 0 or∞, exept for possibly one value of s. To see this, the denition
of Hsδ(E) implies that there is a δ-over Cδ of E suh that∑
C∈Cδ
(diamC)s 6 Hsδ(E) + 1 6 Hs(E) + 1 6∞.
Suppose that Hs0 (E) is nite and s = s0 + ε, ε > 0. Then for eah member C of
the over Cδ, (diamC)
s0+ε 6 δε(diamC)s0 , so that the sum∑
C∈Cδ
(diamC)s0+ε 6 δε
∑
C∈Cδ
(diamC)s0 .
Hene
Hs0+εδ (E) 6
∑
C∈Cδ
(diamC)s0+ε 6 δε
∑
C∈Cδ
(diamC)s0 6 δε(Hs0 (E) + 1)
and so
0 6 Hs(E) = Hs0+ε(E) = lim
δ→0
Hs0+εδ (E) 6 lim
δ→0
δε(Hs0(E) + 1) = 0.
On the other hand suppose Hs0 (E) > 0. If for any ε > 0, Hs0−ε(E) were nite,
then by the above Hs0 (E) = 0, a ontradition, whene Hs−ε(E) =∞.
Thus for eah innite set E in n-dimensional Eulidean spae, there exists a
unique non-negative exponent s0 suh that
Hs(E) =
{
∞, 0 6 s < s0,
0, s0 < s <∞,
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-
s0 = dimHE0
r
s
∞ s
r
Hs(E)
Hs0(E)
Figure 1. The graph of the Hausdor measure of E. The Haus-
dor dimension dim
H
E = s0, the point of disontinuity.
as shown in Figure 1 (reprodued with the permission of the Cambridge University
Press from [16℄). The ritial exponent
(2.2) s0 = inf{s ∈ [0,∞) : Hs(E) = 0}
where the Hausdor s-measure rashes is alled the Hausdor dimension of the set
E and is denoted by dim
H
E. Thus the Hausdor dimension of a nite set is 0, as
it is for a ountable set. It is lear that
(2.3) if Hs(E) = 0 then dim
H
E 6 s; and if Hs(E) > 0 then dim
H
E > s.
The Hausdor dimension tells us nothing about the Hausdor s-measure at
the ritial exponent s0 = dimHE, only that this is the appropriate exponent to
investigate the measure. The sudden hange in Hausdor s-measure at s0 = dimHE
an be ompared to the foal length of a mirosope. If the lens is too lose, the
image lls the eyepiee and annot be resolved; if the lens is too far away, the image
is invisible. At the foal length, the image is in fous and an be resolved.
The main properties of Hausdor dimension for sets in Rn are
(i) If E ⊆ F then dim
H
E 6 dim
H
F .
(ii) dim
H
E 6 n.
(iii) If |E| > 0, then dim
H
E = n.
(iv) The dimension of a point is 0.
(v) If dim
H
E < n, then |E| = 0 (however dim
H
E = n does not imply |E| > 0).
(vi) dim
H
(E1 × E2) > dimHE1 + dimHE2
(vii) dim
H
∪∞j=1 Ej = sup{dimHEj : j ∈ N}.
It an be shown that the Hausdor dimension of any ountable set is 0 and that
of any open set in Rn is n [50, p. 29℄. The nature of the onstrution of Hausdor
measure ensures that the Hausdor dimension of a set is unhanged by an invertible
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transformation whih is bi-Lipshitz. This implies that for any set S ⊆ R \ {0},
dim
H
S−1 = dim
H
S, where S−1 = {s−1 : s ∈ S}. Thus on the whole, Hausdor
dimension behaves as a dimension should, although the natural formula
dim
H
(E1 × E2) = dimHE1 + dimHE2
does not always hold [49, 5.3℄ (it does hold for ertain sets, e.g., ylinders, suh
as E × I, where I is an interval: dim
H
(E × I) = dim
H
E + dim
H
I = dim
H
E + 1 by
(iii), see [16℄).
The general harater of δ-overs in the denition of Hausdor outer measure
an be diult to work with and for many appliations in higher dimensions, it is
onvenient to restrit the elements in the δ-overs of a set to simpler sets suh as
balls or ubes. For example, overs onsisting of hyperubes
H = {x ∈ Rn : |x− a|∞ < δ},
where |x|∞ := max{|xj | : 1 6 j 6 n} is the height of x ∈ Rn, entred at a ∈ Rn and
with sides of length 2δ are used extensively. While outer measures orresponding
to these more onvenient restrited overs are not the same as Hausdor measure,
they are omparable and so have the same ritial exponent [89, Chapter 5℄. Thus
there is no loss as far as dimension is onerned if the sets U are hosen to be balls
or hyperubes. Of ourse, the two measures are idential for sets with Hausdor
s-measure whih is either 0 or∞. Suh sets are said to obey a `0-∞' law, this being
the appropriate analogue of the more familiar `0 -1' law in probability [76, p 339℄.
Sets whih do not satisfy a 0-∞ law, i.e., sets whih satisfy
(2.4) 0 < HdimHE(E) <∞,
are alled s-sets ; these our surprisingly often [50, p. 29℄ and enjoy some nie
properties (see Chapters 24 of [49℄). One example is the Cantor set whih has
Hausdor s-measure 1 when s = log 2/ log 3 [49, p. 14℄. However it seems that
s-sets are of less interest in Diophantine approximation where the sets that arise
naturally, suh as the set of badly approximable numbers or the set of numbers
approximable to a given order (see next setion), obey a 0-∞ law. The rst steps
in this diretion were taken by Jarník, who proved that the Hausdor s-measure of
set of numbers rationally approximable to order v (see 3.2) was 0 or ∞ [67, 68℄.
This result turns on an idea related to density of Hausdor measure.
Lemma 2.1. Let E be a null set in R. Suppose that for any interval (a, b) and
s ∈ [0, 1],
(2.5) Hs(E ∩ (a, b)) 6 K(b− a)Hs(E).
Then Hs(E) = 0 or ∞.
Proof. Suppose the ontrary, i.e., suppose 0 < Hs(E) <∞. Sine E is null,
given ε > 0, there exists a over of E by open intervals (aj , bj) suh that∑
j
(bj − aj) < ε.
By (2.5), there exists a onstant K > 0 suh that
0 < Hs(E) = Hs(∪j(aj , bj) ∩ E) 6 KHs(E)
∑
j
(bj − aj) < KεHs(E) < Hs(E)
for ε < 1/K, a ontradition. 
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The proof for a general outer measure is essentially the same. The sets we
enounter in Diophantine approximation are generally not s-sets and some satisfy
this `quasi-independene' property.
For other denitions of dimension, suh as box-ounting and paking dimension,
and their relationship with Hausdor dimension, see [50, Chapter 3℄.
2.3. The determination of Hausdor dimension. Unless some general
result is available, the Hausdor dimension dim
H
E of a null set E is usually deter-
mined in two steps, with the orret upward inequality dim
H
E 6 s0 and downward
inequality dim
H
E > s0 being established separately.
2.3.1. The upper bound. In view of (2.3), an upper bound an be obtained by nding
a value of s for whih Hs(E) vanishes. To nd suh a value, it sues to exhibit
a over {H} of E (E ⊆ ∪H) by hyperubes H of arbitrarily small sidelength and
s-length. This an often be done by adapting the estimate involved in showing that
Lebesgue measure is 0. When E is a limsup set, i.e.,
E = lim sup
N→∞
EN =
∞⋂
N=1
∞⋃
k=N
Ek = {x ∈ Rn : x ∈ Ek for infinitely many k ∈ N}
for a sequene of setsEn, a simple Hausdor measure ounterpart of the onvergene
ase of the Borel-Cantelli lemma often gives the orret upper bound for dim
H
E.
This is useful in Diophantine approximation.
Lemma 2.2. Let
E = {x ∈ Rn : x ∈ Ek for infinitely many k ∈ N}.
If for some s > 0,
(2.6)
∞∑
k=1
diam(Ek)
s <∞,
then Hs(E) = 0 and dim
H
E 6 s.
Proof. From the denition, for eah N = 1, 2, . . . ,
E ⊆
∞⋃
k=N
Ek,
so that the family C (N) = {Ek : k > N} is a over for E. By (2.6),
lim
N→∞
∞∑
k=N
diam(Ek)
s = 0.
Hene limk→∞ diam(Ek) = 0 and therefore given δ > 0, C
(N)
is a δ-over of E for
N suiently large. But
Hsδ(E) = inf
Cδ
∑
U∈Cδ
(diamU)s 6 ℓs(C (N)) =
∞∑
k=N
diam(Ek)
s → 0
as N →∞. Thus Hsδ(E) = 0 and by (2.1), Hs(E) = 0, whene dimHE 6 s. 
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2.3.2. The lower bound. The lower bound is often harder (though by no means
always, see [39℄). It requires showing that given any s < s0 and any over {C}
of E with the diameters of the overing elements arbitrarily small, the s-length∑
C(diamC)
s > δ for some positive δ. This an be very diult and has led
to the development of a variety of methods. In Diophantine approximation, the
regular systems introdued by Baker and W. M. Shmidt [10℄ and the more general
ubiquitous systems [45℄ depend on a good supply of approximating elements (e.g.,
the rationals). These and related tehniques have proved eetive in obtaining lower
bounds for the Hausdor dimension of sets of number theoreti interest (see the
survey artile [13℄ for more details). A more fundamental approah is the so-alled
mass distribution priniple.
Lemma 2.3. Let µ be a measure supported on a bounded Borel set E in Rn.
Suppose that for some s > 0, there are stritly positive onstants c and δ suh that
µ(B) 6 c (diamB)s for any ball B in Rn with diamB 6 δ. Then Hs(E) > µ(E)/c.
Proof. The proof is short. Let {Bk} be a δ-over of E by balls Bk. Then
µ(E) 6 µ
(⋃
k
Bk
)
6
∑
k
µ(Bk) 6 c
∑
k
(diamB)s.
Taking inma over all suh overs, we see that Hsδ(E) > µ(E)/c, whene on letting
δ → 0,
Hs(E) > µ(E)/c > 0.

This simple lemma is surprisingly useful and gives the easy part of Frostman's
lemma [56℄ whih is now stated in full. The Vinogradov notation a≪ b for a, b > 0
means that a = O(b).
Lemma 2.4. Let E be a Borel subset of Rn. Then
Hs(E) > 0
if and only if there exists a measure µ on Rn supported on E with µ(E) nite suh
that µ(B)≪ (diamB)s for all suiently small balls B.
Thus if E supports a probability measure µ (µ(E) = 1) with µ(B)≪ (diamB)s
for all suiently small balls B, then dim
H
E > s. The onverse is more diult
but an be proved using net measures (see [25, 50, 89℄).
3. Diophantine approximation
At its simplest level, Diophantine approximation is onerned with approximat-
ing real numbers by rationals. Hardy and Wright's lassi Introdution to the theory
of numbers [57℄ ontains an exellent aount while the more advaned [26, 119℄
are devoted wholly to Diophantine approximation. The theory extends to approx-
imating vetors in Rn (simultaneous Diophantine approximation) and to matries
(systems of linear forms). For simpliity, we will stik mainly to one partiular
diretion in the one dimensional real and omplex ases and treat the extensions
to higher dimensions and other settings fairly briey. Sine the rationals Q are a
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dense subset of the real numbers R, given any real number α and any positive ε,
there exists a rational p/q suh that
(3.1)
∣∣∣∣α− pq
∣∣∣∣ < ε.
The numerator p is often of no interest and the size of the expression
(3.2) ‖qα‖ = min{|qα− p| : p ∈ Z},
the distane of qα from the integers Z, is onsidered. Although onvenient, it will
not be used muh here in order to keep the notational burden to a minimum.
In simultaneous Diophantine approximation, one onsiders the system of n
inequalities ∣∣∣∣αk − pkq
∣∣∣∣ < ε, k =, 1 . . . , n.
This system an be expressed more onisely as a single vetor inequality with
α = (α1, . . . , αn) ∈ Rn, p ∈ Zn, q ∈ N, by onsidering the expression∣∣∣∣α− pq
∣∣∣∣
∞
,
where for x ∈ Rn, |x|∞ = max{|x1|, . . . , |xn|} is the height of x, or, on multiplying
by q, the expression
|qα− p|∞ = ‖qα‖ = max{‖qαj‖ : j = 1, . . . , n}.
The last inequality has a dual or linear form version: given α ∈ Rn and ε > 0, one
onsiders the inequality
|q ·α− p | < ε,
where q ∈ Zn and p ∈ Z. The last two inequalities an be ombined into a single
general one. The system of n real linear forms
ξ1a1j + · · ·+ ξmamj , j = 1, . . . , n,
in m real variables ξ1, . . . , ξn, an be written more onisely as ξA, where A = (aij)
and the system of n inequalities in m variables
|q1a11 + · · ·+ qmam1 − p1| < ε
.
.
.
|q1a1n + · · ·+ qmamn − pn| < ε,
an be written |qA − p|∞ < ε. Further details are in [26, 57, 119℄. The theory
extends naturally to the elds of p-adi numbers [27, 87℄ and formal power se-
ries [82, 84℄. Less obviously, it also extends to disrete groups ating on hyperboli
spae. This is relevant to Diophantine approximation over the Gaussian integers or
rationals onsidered below in 4.3, so an outline is now given.
The hyperboli spae setting sprang from the observations that the the real axis
is the set of limit points of the rationals and that the rationals an be haraterised
as the paraboli verties of the modular group SL(2,Z), i.e., as the orbit of the
point at innity under the linear frational or Möbius transformations
(3.3) z 7→ az + b
cz + d
, a, b, c, d ∈ Z, ad− bc = 1,
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of the extended upper half plane H 2 = {z = x + iy ∈ C : y > 0} ∪ {∞}. For eah
element
g =
(
a b
c d
)
in SL(2,Z), the point ∞ in the extended real line evidently goes to a/c under the
group ation and is also a xed point of the map z 7→ z + 1. The maps g form
the modular group, SL(2,Z), a disrete subgroup of SL(2,R), whih is essentially
(modulo the entre) the group of orientation preserving Möbius transformations
of the upper half plane H 2 to itself. When the upper half plane is endowed with
the hyperboli metri derived from dρ = |dz| /y, it is a model for two dimensional
hyperboli spae (H 2, ρ). The Möbius group M(H 2) is the group of isometries of
(H 2, ρ). Beause the group SL(2,Z) is disrete, points in the orbit an aumulate
only on the boundary R ∪ {∞} of H 2 and beause the group elements are isometries
with respet to the hyperboli metri, the limit set of any orbit is the extended real
line R ∪ {∞}. A disrete subgroup of M(H 2) is alled a Fuhsian group. Further
details of this rih and beautiful theory are in [3, 4, 11, 95, 99℄ and there is a
short survey in Chapter 7 of [16℄.
These observations allow the lassial theory, inluding the metrial theory, of
Diophantine approximation to be translated into Fuhsian groups ating on the
hyperboli plane and to the muh more general setting of Kleinian groups ating
on (n+ 1)-dimensional hyperboli spae (Hn+1, ρ), n > 2 (Kleinian groups are the
disrete subgroups of the Möbius group M(Hn+1) of isometries of Hn+1; further
details are in the referenes given). The Piard group SL(2,Z[i]) onsists of 2 × 2
matries over Z[i] with determinant 1 and has an ation on C given by
(3.4) z 7→ az + b
cz + d
, a, b, c, d ∈ Z[i], ad− bc = 1.
The limit set of the Piard group is the extended omplex plane (or Riemann sphere)
C ∪ {∞} and the orbit of the point at ∞ under the group is the set of ratios of
Gaussian integers [91℄. Thus the Piard group plays a role preisely parallel to that
played by the modular group, expressed by (3.3), in approximating real numbers
by ratios of integers.
In the literature ited, hyperboli spae is usually taken in the equivalent
Poinaré form of the open unit ball Bn+1 = {x ∈ Rn+1 : |x|2 < 1}, where the ball is
now endowed with the equivalent hyperboli metri ρ given by dρ = |dx|2 /(1−|x|22).
To ease omparison, we shall adopt this viewpoint, even though the upper half plane
model, as used by Sullivan in [130℄, is more natural for Diophantine approxima-
tion. We hoose to onsider the (n+1)-dimensional hyperboli spae, as the results
in Diophantine approximation are results about the boundary of Hn+1, whih is
n-dimensional.
The analogue p of the point at innity for Kleinian groups is not quite straight-
forward. First of all the nature of the elements g of the Kleinian group G implies
that eah g has at most two xed points on the boundary of the ball. The speial
point p is alled a paraboli xed point if it is the unique xed point on the bound-
ary of some element in G; otherwise they are alled hyperboli xed points. The
orbit of a speial point p under the ation of a Kleinian group G orresponds to the
rationals Q. The limit set Λ(G) of the orbit under G of a point in Hn+1 lies in the
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boundary Sn. Given α ∈ Λ(G) ⊆ Sn, one onsiders the quantity
|α− g(p)|2,
where | · |2 is the usual Eulidean metri in Rn+1. Analogues of the prinipal
theorems in Diophantine approximation have been obtained with relatively minor
tehnial restritions and will be disussed below; a brief survey is in Chapter 7
of [16℄. There is a striking dynamial interpretation of the approximation in terms
of ows on the assoiated quotient spae Hn+1/G; more details are in [16, 53, 91,
130, 135℄. We now return to the one-dimensional theory.
3.1. Dirihlet's theorem. It is not diult to make (3.1) more preise: given
any real number α and any positive integer q, there exists an integer p suh that
|qα− p| < 1, and indeed suh that∣∣∣∣α− pq
∣∣∣∣ 6 12q .
There are denominators q for whih more an be said by using Dirihlet's elebrated
`box argument' (see [26, 57℄).
Theorem 3.1. For eah real number α and any positive integer N ≥ 1, there
exists a rational p/q with denominator satisfying 1 6 q 6 N , suh that∣∣∣∣α− pq
∣∣∣∣ < 1qN 6 1q2 .
Proof. Let [α] be the integer part of α and {α} its frational part, so that
α = [α]+{α}. Divide the interval [0, 1) into N subintervals [k/N, (k+1)/N), where
k = 0, 1, . . . , N−1, of length 1/N . TheN+1 numbers {rα}, r = 0, 1, . . . , N , fall into
the interval [0,1) and so two, {rα}, {r′α} say, must fall into the same subinterval,
[k/N, (k + 1)/N) say. Suppose that r > r′. Then
|{rα} − {r′α}| = |rα − [rα] − r′α+ [r′α]| = |qα− p| < 1
N
,
where q = r − r′, p = [rα] − [r′α] ∈ Z and 1 6 q 6 N . Dividing by q gives the
quantitative inequality
(3.5)
∣∣∣∣α− pq
∣∣∣∣ < 1qN
and sine 1 6 q 6 N , the nal inequality is immediate. 
A nie sharpening is in [58, p. 1℄. When p, q are restrited to having highest
ommon fator 1, the inequality
(3.6)
∣∣∣∣α− pq
∣∣∣∣ < 1q2
has only nitely many solutions if and only if α is a rational. Thus almost all
real numbers satisfy (3.6) for innitely many rationals p/q. Without this restri-
tion, (3.6) holds innitely often for all α ∈ R.
Dirihlet's theorem is one of the fundamental results in the theory of Diophan-
tine approximation. It an be viewed as a result about overs and plays a entral
part in the JarníkBesiovith theorem, disussed below. The theorem generalises
to the simultaneous Diophantine approximation of n real numbers α1, . . . , αn [57,
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Theorem 200℄ and asserts that given N ∈ N, there exists q ∈ N, with q 6 N and
p = (p1, . . . , pn) ∈ Zn suh that∣∣∣∣α− pq
∣∣∣∣
∞
<
1
qN1/n
.
In partiular, for simultaneous Diophantine approximation in the plane, given any
α = (α1, α2) ∈ R2 and N ∈ N, there exists q ∈ N with q 6 N and p1, p2 ∈ Z suh
that
(3.7) max
{∣∣∣∣α1 − p1q
∣∣∣∣ , ∣∣∣∣α2 − p2q
∣∣∣∣} < 1qN1/2 6 q−3/2.
There is a so-alled dual version: given α ∈ Rn and N ∈ N, there exists q ∈ Zn
and a p ∈ Z suh that
|q ·α− p| < N−n.
These an be ombined into a result for systems of n real linear forms [26, Chapter 1,
Theorem VI℄:
|qA − p|∞ < N−m/n.
In the setting of a Kleinian group ating on hyperboli spae, the analogue of
the denominator in Theorem 3.1 orresponding to g(p) is dened to be
(3.8) λg := | det(Dg|0)|−1 = 1
2
cosh ρ(0, g(0)) ≍ eρ(0,g(0))
in the ball model, and so λg → ∞ as |g(0)| → 1, i.e., as the orbit of the origin
moves towards the boundary. Here Dg|0 denotes the Jaobian of g evaluated at the
origin. For nitely generated Fuhsian groups of the rst kind taken to be ating
on the losed unit dis ∆, the elements g are of the form
g =
(
a b
b a
)
, a, b ∈ ∆, |a|2 − |b|2 = 1
and λg = 2(|a|2 + |b|2). Hedlund's lemma, whih is a lassial result in the theory
of disontinuous groups, is a partial analogue of Dirihlet's theorem. Let ζ ∈ S1,
the unit irle. For any ξ ∈ S1 whih is not a paraboli point, there exist innitely
many g ∈ G suh that
|ξ − g(ζ)| < C
λg
,
for some C > 0. A omplete analogue of Dirihlet's theorem, inluding the quan-
titative inequality (3.5), was obtained by Patterson [99℄ for Fuhsian groups and
later he and others extended it to Kleinian groups [100, 128, 129, 135℄. However,
the statements in the Kleinian group setting dier for paraboli and hyperboli
xed points and so for simpliity the result will be stated when G has a unique
paraboli point p. Let N > 2. Then for any ξ ∈ Λ(G), there exists a g ∈ G with
λg < N suh that
|ξ − g(p)|2 < C√
Nλg
,
where C is a onstant depending only on G.
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3.2. Types of approximation. The equation (3.6) given by Dirihlet's the-
orem is essentially best possible as Hurwitz [64℄ showed that eah α ∈ R satised
the inequality ∣∣∣∣α− pq
∣∣∣∣ < 1√5q2
for innitely many positive integers q and that this was best possible in the sense
that the onstant 1/
√
5 annot be redued for numbers α equivalent to the golden
ratio (
√
5 + 1)/2 [26, 55, 57, 119℄.
3.2.1. Badly approximable numbers. A number β ∈ R is alled badly approximable
or of onstant type if there exists a K = K(β) suh that
(3.9)
∣∣∣∣β − pq
∣∣∣∣ > Kq2
for all p/q ∈ Q. Using (3.2), (3.9) an be written as q‖qβ‖ > K. In view of Hurwitz's
theorem, the onstantK < 1/
√
5. Quadrati irrationals, suh as
√
2 and the golden
ratio (
√
5 + 1)/2, are badly approximable. This is proved in [57, 11.4℄ using the
fat that the partial quotients in the ontinued fration expansion for a quadrati
irrational are periodi. However, the proof relies only on the boundedness of the
partial quotients, whih therefore haraterises the badly approximable numbers.
The set of badly approximable numbers will be denoted by B. The notion extends
naturally to higher dimensions and to the more general settings mentioned above.
Badly approximable numbers are important in appliations, partiularly in sta-
bility questions for ertain dynamial systems [121℄. For example the `noble' num-
bers, whih are equivalent to the golden ratio, have been onjetured to be the
most robust in the breaking up of invariant tori [88℄. One very pratial applia-
tion involved the design of roket asings. These were made using ruled surfaes
and vibrations from the motors were propagated along the generators. To redue
the eets of resonane and delay the onset of atastrophi vibration, the ratio of
the irumferene to the length of the asing was hosen to be a quadrati irra-
tional (V. I. Arno'ld, personal ommuniation). The desirable properties of badly
approximable numbers (and in partiular of the golden ratio) appear to be related
to their ourrene in nature. It has reently been disovered that the ratio between
two step heights on the surfae of ertain quasi-rystals is given by the golden ratio
(see [30℄ for statements of this result and additional examples).
The notion of badly approximable numbers arries over to higher dimensions,
inluding systems of linear forms [118℄, p-adis [1℄ and elds of formal power series
[82℄ as well as to Kleinian groups ating on hyperboli spae [20, 53, 99, 101℄. In
the hyperboli spae setting, a point β in Λ(G) is said to be badly approximable
with respet to p if there exists a positive onstant K = K(β) suh that
|β − g(p)|2 > K/λg
for all g ∈ G.
3.2.2. Diophantine type. The onept of a badly approximable number has exten-
sions to restrited lasses of real numbers and points in Rn that are useful in
onnetion with stability and other questions (see 7) and fortunately enjoys full
measure. Let K > 0, v > 1. The real number α is said to be of Diophantine type
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(K, v) [6℄ (the denition has been altered slightly for onsisteny) if∣∣∣∣α− pq
∣∣∣∣ > Kqv+1
for all rationals p/q; the set of numbers of Diophantine type (K, v) is denoted by
D(K, v). The union
Dv =
⋃
K>0
D(K, v)
onsists of numbers of Diophantine type v (i.e., of type (K, v) for some K > 0) and
the union
D =
⋃
v>1
Dv =
⋃
K>0, v>1
D(K, v)
is the set of numbers of Diophantine type v for some v > 1. Note that D1 = B,
the set of badly approximable numbers. We will see in 4 that B is null but that
when v > 1, Dv has full measure, whih is pleasing sine points of Diophantine
type have desirable approximation properties for ertain appliations. Again, the
notion of Diophantine type extends naturally to higher dimensions [46℄. We will be
partiularly interested in the ase of a single linear form and aordingly we extend
the denition of Diophantine type for a real number to a point in Rn. A point
β ∈ Rn is of (dual) Diophantine type (K, v) if for all p ∈ Z and non-zero q ∈ Zn,
|q · β − p| > K|q|v∞
.
3.2.3. Well approximable numbers. In appliations, we will be interested in points
α whih are not of Diophantine type (K, v) for any K > 0, i.e., in one dimension
with the set
(3.10)
Ev =
{
α ∈ R : for any K > 0,
∣∣∣∣α− pq
∣∣∣∣ < Kqv+1 for some pq ∈ Q
}
= R \ Dv,
the omplement of Dv. These numbers are losely related to numbers whih are
rationally approximable to order v + 1 [57, 11.4℄, i.e., to the set
(3.11)
Rv =
{
α ∈ R : for some K > 0,
∣∣∣∣α− pq
∣∣∣∣ < Kqv+1 for innitely many pq ∈ Q
}
(the exponent v + 1 in the denominator is a normalisation to keep the notation
the same as elsewhere.) By Dirihlet's theorem, all real numbers are rationally
approximable to order 2 and quadrati irrationals are rationally approximable to
order exatly 2.
The onstant K in the denitions of Rv and Ev is of less signiane than the
exponent, whih motivates the next denition. A number α whih satises
(3.12)
∣∣∣∣α− pq
∣∣∣∣ < 1qv+1
for innitely many p/q ∈ Q will be alled v-approximable; if v > 1, α is alled very
well approximable. Thus Liouville numbers, whih satisfy (3.12) for any v, are very
well approximable. We let Wv denote the limsup set of v-approximable numbers,
i.e.,
Wv =
{
α ∈ R :
∣∣∣∣α− pq
∣∣∣∣ < 1qv+1 for innitely many pq ∈ Q
}
.
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The sets Ev, Rv, Wv are related and derease as v inreases, as follows from
the inlusions
(3.13) Rv+ε ⊂ Ev ⊂Wv ⊂ Rv,
where ε > 0 is arbitrary. Clearly Wv ⊂ Rv. Next onsider the omplementary
inlusion R \Wv ⊂ Dv and let α 6∈ Wv. Then for all but nitely many positive
integers q, ∣∣∣∣α− pq
∣∣∣∣ > 1qv+1 , j = 1, . . . , r.
Moreover, for the exeptional values of q, say q(1), . . . , q(r),
K = min
{∣∣∣q(j)α− p(j)∣∣∣ (q(j))v : j = 1, . . . , r} > 0,
sine qα ∈ Z implies kqα ∈ Z for eah k ∈ Z. Thus |α − p/q| > K/qv+1 for all
p/q ∈ Q and so α ∈ Dv, i.e., α /∈ Ev.
To establish the nal inlusion, let α ∈ Rv+ε, so that for some K > 0,∣∣∣∣α− pq
∣∣∣∣ < Kqv+1+ε
for innitely many p/q ∈ Q. Given any K ′ > 0, hoose as we may, a denominator
q0 suiently large so that q
−ε
0 6 K
′/K. Then there exists a p0 ∈ Z suh that∣∣∣∣α− p0q0
∣∣∣∣ < K ′qv+10
and α ∈ Ev. The JarníkBesiovith theorem (4.2) gives us the Hausdor dimen-
sion of Wv and allows us to dedue from (3.13) that all the sets have the same
Hausdor dimension.
3.2.4. Ψ-approximable numbers. Now we look at the set of points whih enjoy a
more general approximation by rationals. A funtion Ψ: N → R+ suh that
lim
q→∞
Ψ(q) = 0
will be alled an approximation funtion; without loss of generality we an take
Ψ(q) 6 1/(2q) and later we shall also assume that qΨ(q) is dereasing (by dereasing
we mean non-inreasing here and subsequently). A real number α is said to be Ψ-
approximable if α satises the inequality
(3.14)
∣∣∣∣α− pq
∣∣∣∣ < Ψ(q)
for innitely many p/q ∈ Q (there should be no onfusion with v-approximable
numbers dened above). Note that this should not be onfused with the inequality
|qα − p| < ψ(q) whih is often onsidered, partiularly in higher dimensions and
that there are other denitions depending on the form of (3.14), see for example
[17℄. The set of Ψ-approximable numbers in R will be denoted W (Ψ).
Sine for eah k ∈ Z, (p+ kq)/q ∈ Q and∣∣∣∣α+ k − p+ kqq
∣∣∣∣ = ∣∣∣∣α− pq
∣∣∣∣ ,
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it follows that W (Ψ) ∩ [k, k + 1) = (W (Ψ) ∩ [0, 1)) + k, so that W (Ψ) an be
deomposed into a union over unit intervals:
W (Ψ) =
⋃
k∈Z
(W (Ψ) ∩ [k, k + 1)) =
⋃
k∈Z
(W (Ψ) ∩ [0, 1)) + k.
As with the other types of approximation, the denitions of very well approx-
imable, v-approximable and Ψ-approximable numbers extend naturally to systems
of linear forms, p-adi numbers, formal power series and to the hyperboli setting.
We will be interested in the ase of a single linear form: we say with some abuse of
notation that a vetor α ∈ Rn is v-approximable if
(3.15) |q ·α− p| < 1|q|v∞
holds for innitely many q ∈ Zn and p ∈ Z; α is very well approximable if v > n.
In the hyperboli spae setting, a point α in Hn is Ψ-approximable with respet
to G and p if
|α− g(p)|2 < Ψ(λg)
for innitely many g ∈ G. These and the other analogues of the real one-dimensional
ase will be disussed further when they arise below.
4. Khinthine's theorem and metrial Diophantine approximation
Following earlier work of Borel [21℄, Khinthine gave an almost omplete answer
to the solubility of (3.14) in terms of the measure of W (Ψ). In a series of papers in
the 1920's on the Lebesgue measure of the sets W (Ψ) and B [72, 73, 74, 75℄, he
laid the foundations of metrial Diophantine approximation. This theory, whih is
losely related to probability, measure and ergodi theory, onsiders sets of solutions
to Diophantine inequalities in terms of Lebesgue and other measures. As a result,
0-1 laws are a feature of the Lebesgue part of the theory, as in Khinthine's theorem
below (see also [58, 2.2℄). In addition, beause an exeptional set for whih a result
is invalid an be of measure zero, this an lead to theorems having a strikingly simple
yet general harater.
Theorem 4.1 (Khinthine).
|W (Ψ) ∩ [0, 1)| =
{
0, if
∑∞
k=1 kΨ(k) <∞,
1, if kΨ(k) is dereasing and
∑∞
k=1 kΨ(k) =∞.
Thus W (Ψ) is null when the series
∑
k kΨ(k) onverges and is full when kΨ(k)
dereases and the sum diverges. Subsequently Khinthine extended the result to
simultaneous Diophantine approximation [75℄ (see also [26℄) and Groshev extended
it to systems of linear forms [126℄. In partiular the measure of the set of points
(α1, α2) ∈ [0, 1)2 suh that
max
{∣∣∣∣α1 − p1q
∣∣∣∣ , ∣∣∣∣α2 − p2q
∣∣∣∣} < Ψ(q)
for innitely many p1, p2 ∈ Z, q ∈ N is 0 or 1 aordingly as
∑
k2Ψ(k)2 onverges
or as kΨ(k) dereases and the sum diverges (f. Theorem 4.6 below).
The onvergene ase follows readily from the Borel-Cantelli lemma [76℄ and
the argument is losely related to that of Lemma 2.2. However, the ase of diver-
gene is muh more diult and relies on a ruial `pairwise quasi-independene'
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result ombined with `mean and variane' ideas or with results from ergodi theory.
For further details of this remarkable improvement of the Borel-Cantelli lemma,
see [31, 32, 58, 79, 105, 126, 131℄ (the books [58, 126℄ also inlude aounts of
W. M. Shmidt's important quantitative extension of Khinthine's theorem [116℄).
In terms of probability, we reall that the events Ej , j = 1, . . . ,∞, with orrespond-
ing probabilities P (Ej) are pairwise independent if for any j 6= k, the probability
of the two events ourring is given by
P (Ej ∩ Ek) = P (Ej)P (Ek).
As a result, the divergene half of the Borel-Cantelli Lemma holds for pairwise
independene. Total independene, where the probability of any nite sequene
of events is given by the produt of the individual probabilities, is not neessary.
Reently it has been shown that the divergene ase is also related to the lower
bound for Hausdor dimension (see 6).
There has been dramati progress in the metrial theory over the last deades,
partiularly in the theory of `dependent variables' where the point α lies on a
manifold, so that oordinates of the point are funtionally related. Sprindºuk's
solution [127℄ of Mahler's onjeture in transendene theory in terms of the Dio-
phantine approximation of points on the Veronese urve {(x, x2, . . . , xn) : x ∈ R}
gave this topi an enormous impetus whih has seen the reent proof of Sprindºuk's
onjetures and further results [12, 17, 78℄.
The p-adi analogue of Khinthine's theorem was obtained by Jarník [70℄ and
extended to systems of linear forms by Lutz [87℄. For elds of formal power series,
the analogue was obtained by de Mathan [37℄ and has reently been extended
to systems of linear forms [84℄. The omplex analogue of Khinthine's theorem,
in whih the approximation is by ratios of Gaussian integers, is disussed in 4.3
below.
Khinthine's theorem orresponds to our intuition sine if the approximation
funtion Ψ is large, then there is a better hane of the inequality being satised.
In partiular, the set Wv is null for v > 1, sine the series
∑
k k
−v
onverges, and
full for v 6 1 (when Wv = [0, 1) by Dirihlet's theorem).
Corollary 4.2.
|Wv ∩ [0, 1)| = |Rv ∩ [0, 1)| = |Ev ∩ [0, 1)| =
{
0, when v > 1,
1, when v 6 1.
The result for the other sets follows from (3.13). Less obviously, the theorem
shows the Lebesgue measure of the set of α ∈ [0, 1) suh that (3.14) has innitely
many solutions is 1 when Ψ(k) = 1/(k2 log k) and 0 when Ψ(k) = 1/(k2(log k)1+ε)
for any positive ε.
As a onsequene of Jarník's theorem on simultaneous Diophantine approxima-
tion to be disussed in 4.2, none of the setsWv, Rv, Ev is an s-set (see (2.4) for the
denition). However, using Lemma 2.1 and invariane under rational translates of
Rv, Jarník had shown earlier that the set Rv of numbers rationally approximable
to order v is not an s-set and obeys a `0-∞' law [67, 68℄. Although superseded by
the above theorem, the argument is very nie but the papers ited are not read-
ily available, so the proof is repeated here. Let k be a positive integer and let
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α ∈ Rv ∩ [0, 1/k], so that for some K = K(α) > 0,∣∣∣∣α− pq
∣∣∣∣ < Kqv+1
for innitely many rationals p/q. For eah j/k, 1 6 j 6 k − 1,∣∣∣∣α− pq
∣∣∣∣ = ∣∣∣∣α+ jk − pq − jk
∣∣∣∣ < Kkv+1(kq)v+1 .
Thus α+ j/k ∈ Rv ∩ [j/k, (j+1)/k] and it follows that for eah j = 0, 1, . . . , k− 1,
Rv ∩
[
j
k
,
j + 1
k
]
= Rv ∩
[
0,
1
k
]
+
j
k
.
Moreover sine Hausdor measure is translation invariant,
Hs (Rv ∩ [0, 1]) =
k−1∑
j=0
Hs
(
Rv ∩
[
j
k
,
j + 1
k
])
= kHs
(
Rv ∩
[
0,
1
k
])
,
whene for any j, k with 1 6 j 6 k − 1,
Hs
(
Rv ∩
[
j
k
,
j + 1
k
])
=
1
k
Hs (Rv ∩ [0, 1])) .
Now every open interval (a, b) an be represented as a union of a ountable set of
intervals [j/k, (j + 1)/k], i.e.,
(a, b) =
⋃
j,k
[
j
k
,
j + 1
k
]
,
so that b− a =∑j,k 1/k. Hene
Hs((a, b)) = Hs
⋃
j,k
[
j
k
,
j + 1
k
]
and sine Hs(·) is an outer measure,
Hs ((a, b) ∩Rv ∩ [0, 1]) = Hs
⋃
j,k
Rv ∩
[
j
k
,
j + 1
k
] 6∑
j,k
Hs
(
Rv ∩
[
j
k
,
j + 1
k
])
6 Hs(Rv ∩ [0, 1])
∑
j,k
1
k
= (b − a)Hs(Rv ∩ [0, 1]).
Thus the hypotheses of Lemma 2.1 are satised and soHs(Rv∩[0, 1]) = Hs(Rv) is 0
or∞. The argument an be extended to show that the set of numbers approximable
to order v by algebrai irrationals is not an s-set. The measure at the ritial
exponent was shown to be ∞ by Bugeaud [23℄.
Khinthine's theorem also implies that the set B of badly approximable num-
bers is null. For given anyK > 0, the sum
∑
q(K/q) diverges and so by Khinthine's
theorem the set of real numbers α satisfying |α − p/q| < K/q2 for innitely many
p/q ∈ Q is full. Thus the omplementary set F (K) of the set of α suh that
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|α− p/q| > K/q2 for all but nitely many p/q is null and evidently inreases as K
dereases. From its denition,
B ⊂
⋃
K>0
F (K) =
∞⋃
N=1
F (1/N),
a ountable union of null sets, whene B is null.
Sine the setWv of very well approximable numbers is null, the inlusions (3.13)
imply that Dv is full for v > 1, i.e., that almost all real numbers are of Diophantine
type (K, v) for some positive K. Thus almost all numbers are neither well or badly
approximable. It is a remarkable fat, proved by Jarník [65℄ in 1928, the same
year as Besiovith's rst paper on Hausdor measure and dimension (on planar 1-
sets) [18℄, that although the set B is null, dim
H
B = 1, i.e., its Hausdor dimension
is maximal in the sense that it oinides with that of the ambient spae R. This
we now disuss.
4.1. Jarník's theorem for badly approximable numbers. Let θ ∈ (0, 1)
and let an, n = 1, 2, . . . , denote the partial quotients of the ontinued fration
expansion for θ. For eah N ∈ N, dene
MN := {θ : an 6 N}.
Now a number is badly approximable if and only if it has bounded partial quotients
an [57, 11.4℄, so that B = limN→∞MN . In a pioneering paper that was the rst
on Hausdor dimension in Diophantine approximation, Jarník [65℄ showed that for
eah N > 8,
1− 4
N log 2
6 dim
H
MN 6 1− 1
8N logN
.
It is of ourse immediate that dim
H
B 6 1 sine B ⊂ R. We now state Jarník's
theorem for badly approximable numbers, whih follows from the above.
Theorem 4.3 (Jarník).
dim
H
B = 1.
Using (α, β) games, W. M. Shmidt [117, 118℄ proved muh more, extending
Jarník's theorem to higher dimensions, so that the set of simultaneously badly
approximable points in the plane has Hausdor dimension 2. In fat, B is a thik
set. This is a `loal' property in the sense that for eah open interval I, B has `full'
Hausdor dimension, i.e., dim
H
B∩ I = 1. A very general inhomogeneous analogue
has been proved using quite dierent ideas from dynamial systems [77℄.
The game in one dimension involves two players A and B, a non-empty set
S ⊂ R and two parameters α ∈ (0, 1), given to the player A, and β ∈ (0, 1), given
to the player B. Player B begins by piking a losed interval B1. Then A hooses a
losed subinterval A1 ⊂ B1 with |A1| = α|B1|. Then B piks an interval B2 ⊂ A1
with |B2| = β|A1| = βα|B1| and then A hooses another subinterval A2 ⊂ B2 with
|A2| = α|B2| = α2β|B1| and so on. Clearly the intervals B1, A1, B2, A2, . . . , form a
dereasing nested sequene so that their intersetion is a point, ω say, in B1. Player
A is alled the winner if ∩jAj = {ω} ⊆ S, otherwise B wins.
A fuller aount of the game in C will be given in 5, so we will simply say that
Shmidt showed that when S = B, A an fore ω to be badly approximable, even
though B is null, and dedued that dim
H
B > 1. Sine B ⊂ R, dim
H
B = 1. Note
HAUSDORFF DIMENSION AND DIOPHANTINE APPROXIMATION 19
that sineH1(B) = |B|, the Lebesgue measure of B and sine |B| = 0 (Khinthine's
theorem), it follows that the Hausdor measure of B vanishes at s = dim
H
B and
Hs(B) =
{
∞, 0 6 s < 1,
0, s > 1.
Thus B is not an s-set (this an also be proved using Jarník's lemma in 2.2 above).
Jarník's theorem has also been extended to p-adi elds [1℄, to elds of formal
power series [82℄ and to hyperboli spae. It follows from the hyperboli spae
ounterpart of Khinthine's theorem that for geometrially nite Kleinian groups
G, the set B(G, p) of the hyperboli analogue of badly approximable points, has
zero Patterson measure and the analogue of Jarník's theorem holds [53, 99, 101℄,
i.e.,
dim
H
B(G, p) = dim
H
Λ(G).
In addition, the exponent of onvergene of G,
δ(G) := inf{s > 0:
∑
g∈G
λ−sg <∞} = dimHΛ(G)
[20, 100, 131℄. In view of Lemma 2.2, this is perhaps not so surprising. In a
striking parallel with ontinued frations, badly approximable points orrespond to
bounded orbits of ows on manifolds [20, 34, 35, 53, 120℄.
4.2. JarníkBesiovith theorem. When v > 1, the set Dv is omplemen-
tary to the set Rv of points approximable to exponent v, whih is related to the
set Wv of v-approximable numbers (these statements also hold for the higher di-
mensional analogues). The Hausdor dimension of Wv was determined by Jarník
in 1929 [66℄ and independently by Besiovith in 1934 [19℄.
Theorem 4.4 (JarníkBesiovith). When v > 1,
dim
H
Wv =
2
v + 1
,
and when v ≤ 1, Wv = R.
Establishing the upper bound is not diult, sine Wv is a limsup set. There
is no loss of generality in working with the more onvenient set Wv ∩ [0, 1], as
Wv =
⋃
k∈Z(Wv ∩ [0, 1] + k). Consider the limsup set
Wv ∩ [0, 1] =
∞⋂
N=1
∞⋃
q=N
q⋃
p=0
B(p/q, q−v−1),
where B(p/q, ε) = {x ∈ [0, 1] : |x− p/q| < ε}, so that diam(B(p/q, ε)) 6 2ε. Then
∞∑
q=1
q∑
p=0
diam(B(p/q, q−v−1))s 6 2s
∞∑
q=1
q1−s(v+1) <∞
when s > 2/(v+1). Hene by Lemma 2.2 and the properties of Hausdor dimension,
dim
H
Wv 6 2/(v+1) when v > 1. When v ≤ 1, the theorem follows from Dirihlet's
theorem.
Establishing the orret lower bound is muh harder. Jarník's lengthy and om-
pliated proof involved ontinued frations and arithmeti arguments. Besiovith's
proof was simpler and more geometri and is the basis of regular and ubiquitous
systems whih have turned out to be very eetive tehniques in determining the
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Hausdor dimension of a variety of sets [10, 13, 45℄. Indeed ubiquity an imply
Khinthine's theorem [14℄, so ideas developed for the study of the the Hausdor
dimension of the null sets also ontribute substantially to our understanding of
this theorem. The JarníkBesiovith theorem has been extended onsiderably, to
higher dimensions, hyperboli spae and loal elds. Jarník himself proved the
Hausdor measure analogue of Khinthine's theorem for simultaneous Diophantine
approximation [69℄ and dedued that the set of points in Rn satisfying∣∣∣∣α− pq
∣∣∣∣ < q−v−1
for innitely many p ∈ Zn, q ∈ N has Hausdor dimension (n + 1)/(v + 1) when
v > 1/n and n otherwise. He also showed that the Hausdor s-measure of Wv at
the ritial dimension is innite. In view of the inlusions (3.13), it follows that the
same holds for Ev, Rv. The points in Wv form an unountable totally disonneted
subset of the line and so are in Mandelbrot's pituresque language `fratal dust', as
is B.
We have seen that the notion of a very well approximable point extends natu-
rally to systems of real and p-adi linear forms and to hyperboli spae (where they
an be interpreted in terms of geodesi exursions [33℄). The JarníkBesiovith
theorem and the Hausdor measure analogue of Khinthine's theorem have been
established in the real ase [41, 42℄, the p-adi ase [2, 40℄, the formal power series
ase [84℄ and the hyperboli ase [63, 91℄. Other generalisations are to restrited
sequenes [110℄, inhomogeneous Diophantine approximation [86℄ and to small lin-
ear forms [38℄. A further generalisation to `shrinking targets' has revealed some
unexpeted onnetions with omplex dynamis and ergodi theory [62℄.
We will be interested in the ase of a single real linear form in 7. The set of
v-approximable points α ∈ Rn (see (3.15)) will be denoted Lv, i.e.,
(4.1) Lv = {α : |q ·α− p| < |q|−v∞ for innitely many q ∈ Zn, p ∈ Z }
and by the dual or linear form version of the JarníkBesiovith theorem [22℄,
(4.2) dim
H
Lv =
n− 1 +
n+ 1
v + 1
when v > n,
n when v 6 n.
The n− 1 term arises from the dimension of the resonant hyperplanes
{x ∈ Rn : q · x = p}
sets while the other represents `fratal dust' normal to the hyperplanes.
4.3. Approximation by ratios of Gaussian integers. Reall that the
Gaussian integers are dened as the set Z[i] = {p1 + ip2 ∈ C : p1, p2 ∈ Z}. These
form a ring (in fat a unique fatorisation domain). The Gaussian rationals are
dened as the set Q(i) = {a/b+ ic/d : a/b, c/d ∈ Q}. Approximation by Gaussian
rationals deouples into the independent approximation of the real and imaginary
part respetively. Here we study the more interesting problem of approximation by
ratios of Gaussian integers.
Approximation of omplex numbers by ratios of Gaussian integers was studied
by Hermite and Hurwitz in the 19th entury [80, IV, 4℄ but, unlike in the real ase,
a ontinued fration approah did not give the best possible analogue of Dirihlet's
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theorem. This was obtained in 1925 by Ford [54℄, who used additional geomet-
rial ideas based on the Piard group SL(2,Z[i]). The Gaussian analogues of the
theorems of Dirihlet, Khinthine, Jarník and Besiovith treated below should be
ompared with those orresponding to simultaneous Diophantine approximation in
the real plane R2.
In 1967 A. Shmidt introdued a theory of regular and dually regular hains
for ontinued frations, to treat approximation problems in omplex numbers [111,
114℄. Shmidt was onerned with the study of omplex quadrati irrationals and
the omplex version of Pell's equation and with extensions to groups [112, 113℄.
Our interest, however, is with omplex or Gaussian rational analogues of Dirihlet's
theorem and with the observation that the extended omplex plane is the limit set of
the Piard group. In this onnetion, Patterson established analogues of Dirihlet's
theorem for the less general Fuhsian groups [99, 134℄. Later Stratmann and
Velani obtained versions for Kleinian groups [128, 129, 135℄ and so for the Piard
group. These results an be translated into omplex versions of Dirihlet's theorem
with an undetermined onstant. Nevertheless, for ompleteness, a short geometry
of numbers proof of the omplex version of Dirihlet's theorem is given below.
Although the onstant here is not best possible, the result is all we need. Proofs
of the omplex analogues of Jarník's theorem on badly approximable numbers and
the JarníkBesiovith theorem that do not use the hyperboli spae framework
will be given in 5 and 6 below.
Complex Diophantine approximation has also been investigated from the point
of view of the distribution of the values of polynomials with real integer oeients
but with omplex variable z [15℄; for another omplex analogue see [59℄. For the
rest of this setion, p = p1 + ip2, q = q1 + iq2 will denote Gaussian integers with
q 6= 0.
Theorem 4.5. Given any z = x + iy ∈ C and N ∈ N, there exist Gaussian
integers p = p1 + ip2, q = q1 + iq2 with 0 < |q| 6 N suh that
(4.3)
∣∣∣∣z − pq
∣∣∣∣ < 2|q|N .
Moreover for innitely many p, q ∈ Z[i],
(4.4)
∣∣∣∣z − pq
∣∣∣∣ < 2|q|2 .
Proof. The inequality (4.3) holds if and only if the inequality
(4.5)
∣∣∣∣x+ iy − p1 + ip2q1 + iq2
∣∣∣∣ < 2|q1 + iq2|N
holds, i.e., if and only if
|(q1x− q2y − p1) + i(q2x+ q1y − p2)| < 2
N
holds, whih is the ase if
(4.6) max{|q1x− q2y − p1|, |q2x+ q1y − p2|} <
√
2
N
.
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By Minkowski's linear forms theorem, the system of inequalities
|q1x− q2y − p1| < 21/2 N−1
|q2x+ q1y − p2| < 21/2 N−1
|q1| 6 2−1/2N
|q2| 6 2−1/2N
has a non-zero solution in integers p1, p2, q1, q2. Hene (4.6) has a solution with
|q| = |q1 + iq2| 6 N , as laimed. 
Sine the Gaussian rationals p/q are not required to be on lowest terms, (4.4)
holds innitely often. For if p/q fails to satisfy (4.4), then a fortiori, (κp)/(κq),
where κ is a non-zero Gaussian integer, will also fail. And if p/q satises (4.4), only
a nite number of the frations (κp)/(κq) an also satisfy it.
This result should be ompared to (3.7). As in the real ase, omplex numbers
for whih Dirihlet's theorem annot be signiantly improved are alled badly
approximable and numbers for whih it an are alled very well approximable.
More preisely, a omplex number z is badly approximable if there exists a onstant
K = K(z) suh that for all p, q ∈ Z[i], q 6= 0,∣∣∣∣z − pq
∣∣∣∣ > K|q|2 .
Ford [54℄ showed that the omplex quadrati irrationals (1± i√3)/2 are the worst
approximable numbers with K = 1/
√
3 and thus orrespond to the golden ratio
(
√
5 + 1)/2 in the real ase. Badly approximable numbers have been studied by
A. Shmidt from the viewpoint of the Marko spetrum [115℄.
As in the real ase, a omplex number z is v-approximable if
(4.7)
∣∣∣∣z − pq
∣∣∣∣ < 1|q|v+1
for innitely many p, q ∈ Z(i) and will be alled Ψ-approximable if
(4.8)
∣∣∣∣z − pq
∣∣∣∣ < Ψ(|q|),
where Ψ : [1,∞)→ R+. The set of Ψ-approximable z will be written W ∗(Ψ). Thus
W ∗(Ψ) is the set of points z ∈ C for whih the inequality (4.8) holds for innitely
many Gaussian rationals p/q. The set of v-approximable omplex numbers will be
written W ∗v .
4.4. Khinthine's theorem for omplex numbers. The omplex analogue
of Khinthine's theorem was proved in 1952 by LeVeque [85℄ who ombined Khint-
hine's ontinued fration approah with ideas from hyperboli geometry. In 1976,
Patterson proved slightly less sharp versions of Khinthine's theorem for Fuhsian
groups ating on hyperboli spae [99, 134℄. A little later, Sullivan [130℄ used
Bianhi groups and some powerful hyperboli geometry arguments to prove more
general Khinthine theorems for real and for omplex numbers. In the latter ase,
the result inludes approximation of omplex numbers by ratios a/b of integers a, b
from the imaginary quadrati eld R(i
√
d), where d is a squarefree natural number.
The ase d = 1 orresponds to the Piard group and approximation by ratios of
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Gaussian integers. Stratmann and Velani extended Patterson's results with simi-
lar minor tehnial restritions to Kleinian groups [129, 135℄. These inlude the
Bianhi groups and give a less preise and dierently formulated version of Sulli-
van's result. We now state LeVeque's result in our notation.
Theorem 4.6. Suppose k2Ψ(k) is dereasing. Then the Lebesgue measure of
W ∗(Ψ) is null or full aording as the sum
(4.9)
∞∑
k=1
k3Ψ(k)2
onverges or diverges.
As well as being more general, Sullivan's result is more preise as the growth
ondition for the funtion Ψ is weakened to a `omparability ondition'. Instead
of the sum, Sullivan and LeVeque use the equivalent integral
∫
x3Ψ(x)2 dx (their
integrands are dierent owing to dierent forms of (4.8)). It is readily veried that
W ∗(Ψ) is invariant under translations by Gaussian integers p = p1 + ip2, so that
(4.10) W ∗(Ψ) =
⋃
p∈Z[i]
V ∗(Ψ) + p =
⋃
p1,p2∈Z
V ∗(Ψ) + p1 + ip2,
where V ∗(Ψ) = W ∗(Ψ) ∩ I2 and I2 = [0, 1)2 = {x + iy : 0 6 x, y < 1}. We will
work in the more onvenient unit square I2 and onsider the set V ∗(Ψ).
Before ontinuing, we need some more denitions and notation.
4.5. Resonant sets and balls in I2. Let q = q1 + iq2 ∈ Z[i] \ {0}. The set
R(q) = R(q1, q2) ⊂ I2 where
R(q) =
{
p
q
: p ∈ Z[i]
}
∩ I2 = R(q1, q2)
=
{(
p1q1 + p2q2
q21 + q
2
2
,
p2q1 − p1q2
q21 + q
2
2
)
: p1, p2 ∈ Z
}
∩ I2
is alled a resonant set. This set is the analogue in the omplex plane of the set
{p1/q1 : 0 6 p1 < q1} in the real line. The points in the resonant set form a lattie
inlined at an angle tan−1(q1/q2) to the real axis and in whih the side length of
the fundamental region is |q| = (q21 + q22)−1/2. Area and ongruene onsiderations
give that the number of points of R(q1, q2) in I
2
is
(4.11) #R(q) = #R(q1, q2) = |q|2 = q21 + q22 .
The dis
(4.12) D(p/q; ε) = {z ∈ C : |z − p/q| < ε} ,
with radius ε and entred at p/q where
p
q
=
p1 + ip2
q1 + iq2
=
(p1 + ip2)(q1 − iq2)
q21 + q
2
2
=
p1q1 + p2q2
q21 + q
2
2
+ i
p2q1 − p1q2
q21 + q
2
2
has area πε2. The set
(4.13) B(q, ε) =
{
z ∈ I2 :
∣∣∣∣z − pq
∣∣∣∣ < ε for some p ∈ Z[i]} = ⋃
p∈Z[i]
D(p/q, ε)
an be regarded as a neighbourhood of a resonant set and its measure
(4.14) |B(q, ε)| = πε2 (|q|2 +O(|q|)) .
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Figure 2. The lattie in I2 orresponding to q1 = 5, q2 = 3.
Now V ∗(Ψ) an be expressed in the form
(4.15) V ∗(Ψ) =
∞⋂
N=1
∞⋃
k=N
⋃
|q|=k
B(q,Ψ(|q|)) = lim sup
|q|→∞
B(q,Ψ(|q|)).
Thus V ∗(Ψ) is a limsup set and for eah N = 1, 2, . . . has a natural over
(4.16) CN(V ∗(Ψ)) = {B(q,Ψ(|q|) : |q| > N}.
Hene for eah N = 1, 2, . . . , the measure of V ∗(Ψ) satises
|V ∗(Ψ)| 6
∞∑
k=N
∑
k6|q|<k+1
|B(q,Ψ(|q|)| ≪
∞∑
k=N
k2Ψ(k)2
∑
k6|q|<k+1
1.
Now,
∑
16|q|6k 1 is the number of lattie points in the losed dis D(0, k) of radius
k. By [28℄, given any ε > 0,∑
16|q|6k
1 = πk2 +O
(
k12/37+ε
)
.
Hene
(4.17)
∑
k6|q|<k+1
1 = π(k + 1)2 +O
(
k1/3
)
− πk2 +O
(
k1/3
)
= 2πk +O
(
k1/3
)
.
Therefore
|V ∗(Ψ)| ≪
∞∑
k=N
k3Ψ(k)2.
Sine N is arbitrary, the onvergene of the series
∑
k k
3Ψ(k)2 implies that
|V ∗(Ψ)| = |W ∗(Ψ)| = 0,
whih is the onvergene part of the omplex analogue of Khinthine's theorem. The
muh more diult ase of divergene requires deeper arguments and the reader is
referred to Sullivan's bold and highly geometrial paper [130℄.
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5. Badly approximable omplex numbers and Jarník's theorem
The results of [20℄ and of [53℄ on badly approximable points arising with the
ation of Kleinian groups and on bounded geodesis on Riemann surfaes respe-
tively, speialised to the ase of the Piard group, ould be translated to give
Jarník's theorem for omplex numbers badly approximable by ratios of Gaussian
integers. However, we will give a self-ontained proof using an extension to the
omplex numbers of the (α, β)-game introdued by W. M. Shmidt [117℄. In the
setting of the omplex plane, S ⊂ C, α, β ∈ (0, 1) and diss replae intervals. Thus,
the game begins with player B hoosing a dis B1 = {z ∈ C : |z − b1| 6 ρ1}. Next
A hooses a dis A1 ⊂ B1 with radius αρ1. Then B hooses a dis B2 ⊂ A2 with
radius βαρ1 and so on ad innitum, suh that Bn+1 has radius (αβ)
nρ1 for any
n ≥ 0.
The diss B1, A1, B2, A2, . . . form a nested dereasing sequene of losed sets,
so there is a unique intersetion point, ω say. Player A wins if this point is an
element of the set S, i.e., if
⋂
j Aj = {ω} ⊂ S. Otherwise, B wins. A set S is said
to be (α, β)-winning if A an win the game for the parameters α and β no matter
how well B plays. If for some α ∈ (0, 1), A an win the game for any β ∈ (0, 1), the
set S is said to be α-winning.
Player A benets from α being small. Indeed, when α gets smaller, A an limit
the amount of hoie B has in the next move. As in the real ase, it may be shown
that if α′ < α and S is α-winning, then S is α′-winning. Hene, given S, there is a
largest value of α for whih S is α-winning so we may dene
α∗(S) := sup {α ∈ (0, 1) : S is α-winning} .
In fat, for any S 6= C, we easily see that α∗(S) 6 12 . To see this, note that for
the parameters α > 12 and β ∈ (0, 2α− 1), B may ensure that the entres of all the
Bi are the same. Hene, by hoosing the rst dis B1 with entre b1 /∈ S, we have
the result.
When S = B, A wins if she an fore ω to be badly approximable, i.e., if ω is
in the set
B =
{
z ∈ C : ∃K > 0 ∀p, q ∈ Z[i] :
∣∣∣∣z − pq
∣∣∣∣ > K|q|2
}
.
Sine B is null, this seems unlikely to be the ase, but in fat A an win the game
whenever 2α < 1 + αβ. It immediately follows that
(5.1) α∗(B) = 1/2,
so in fat A may win this game almost as easily as she ould win the game where
S is the entire omplex plane with one point removed. We take some time to prove
(5.1).
We have already seen that α∗(B) 6 1/2, so we will only onsider α 6 1/2, as
this will simplify the proof. Let α ∈ (0, 1/2] and β ∈ (0, 1) be xed. Note that
γ := 1 + αβ − 2α > 0. We may assume without loss of generality that the radius
of the initial ball B1 satises ρ1 6 αβ
γ
8 . Indeed, otherwise we would let the game
ontinue in an arbitrary fashion until reahing a Bj for whih ρj 6 αβ
γ
8 and then
take this to be our starting point. The onstant K in the denition of B will be
δ = γ4 min(ρ, α
2β2 γ8 ), where ρ = ρ1.
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Let t ∈ N be suh that αβγ 6 2(αβ)t < γ. Let R = (αβ)−t/2. Clearly, it
sues to prove for any n ∈ N that if
gcd(p, q) = 1,(5.2a)
z ∈ Bnt+1,(5.2b)
0 < |q| < Rn,(5.2)
then
∣∣∣z − pq ∣∣∣ > δ|q|2 . This may be done using indution.
For n = 0, there is nothing to prove, as (5.2) leaves us no q to onsider.
Hene, we may assume that we have B1, . . . , B(k−1)t+1 suh that the above holds
for 0 6 n 6 k − 1. In subsequent play, A thus only needs to worry about pq with
Rk−1 6 |q| < Rk, as the remaining problemati frations have been sorted out in
the preeding steps of the game.
In fat, there an be at most one suh
p
q . Indeed, suppose that there exists
p, p′, q, q′ ∈ Z[i] and z, z′ ∈ B(k−1)t+1 with∣∣∣∣z − pq
∣∣∣∣ 6 δ|q|2 and
∣∣∣∣z′ − p′q′
∣∣∣∣ 6 δ|q′|2
with |q| , |q′| ∈ [Rk−1, Rk). Then∣∣∣∣pq − p′q′
∣∣∣∣ 6 ∣∣∣∣z − pq
∣∣∣∣+ ∣∣∣∣z′ − p′q′
∣∣∣∣+ |z − z′|
6
δ
|q|2 +
δ
|q′|2 + 2ρ(αβ)
(k−1)t
6 2δR2−2k + 2ρR2−2k
6 4ρ(αβ)−tR−2k 6 4 18αβγ
2
αβγ
R−2k = R−2k.
On the other hand, sine gcd(p, q) = gcd(p′, q′) = 1 and sine Z[i] is a unique
fatorisation domain,∣∣∣∣pq − p′q′
∣∣∣∣ = ∣∣∣∣pq′ − p′qqq′
∣∣∣∣ > 1|q| |q′| > R−2k
whenever p 6= p′ and q 6= q′. Hene, there an be at most one problemati point.
Note that we have used the property of the ring of Gaussian integers being a
unique fatorisation domain. For other rings, this may not be the ase and stronger
tools are needed for proving the analogous result. However, for larity of this expo-
sition, we will take the simple route and use the unique fatorisation property. Note
also that for the orresponding result in simultaneous Diophantine approximation,
the module Z2 takes the plae of the Gaussian integers. Even though the underly-
ing sets are the same, the dierene in algebrai struture prevents the method of
this proof from working in the ase of simultaneous Diophantine approximation.
As there an be at most one point in B(k−1)t+1 suitably lose to a Gaussian
rational p/q, we may devise strategies that avoids a dis around this point p/q of a
suitable radius. It is lear that we need to avoid C = B(pq ,
δ
|q|2
). We examine two
possibilities in turn.
First, onsider the ase when
∣∣∣ pq − b(k−1)t+1∣∣∣ > δR2−2k. In this ase,∣∣∣∣pq − b(k−1)t+1
∣∣∣∣ > δR2−2k > δ|q|2 .
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B(k−1)t+1
δ
|q|2
C
b(k−1)t+1
p
q
Figure 3. A avoids C in one move
Hene, b(k−1)t+1 /∈ C, so we are in the situation of gure 3. As α 6 1/2, we see
that A an hoose her next dis in suh a way that it does not interset with C.
This leaves the nal ase when∣∣∣∣pq − b(k−1)t+1
∣∣∣∣ 6 δR2−2k.
This orresponds to the ase when b(k−1)t+1 ∈ C (gure 4). In this ase, we learly
B(k−1)t+1
δ
|q|2
C
b(k−1)t+1
p
q
Figure 4. A avoids C in t steps
need to work harder to get an answer, as the right strategy of A is not immediately
obvious. However, it turns out that piking a xed diretion and moving as far as
possible in this diretion at eah turn will ause the dis hosen by B after t steps
to have empty intersetion with C. The following lemma formalises this.
Lemma 5.1. Let α, β ∈ (0, 1) with γ = 1 + αβ − 2α > 0. Let t ∈ N be suh
that (αβ)t < γ/2. Suppose that the dis Bk = (bk, ρk) ours at some stage in an
(α, β)-game. Then A an play in suh a way that
Bk+t ⊆
{
z ∈ C : |z − bk| > ρk γ2
}
.
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Proof. We dene a strategy for A in the following way: Suppose that the last
dis hosen by B was B(c, ρ) for some ρ > 0. Choose some cˆ ∈ C with |cˆ| = ρ(1−α).
We dene a legal move for A by the map
B(c, ρ) 7→ B(c+ cˆ, αρ).
We need to onvine ourselves that this move is in fat a legal move. First, we
note that the radius is the right one. Hene, we need only prove the inlusion
B(c+ cˆ, αρ) ⊆ B(c, ρ). But this follows sine for any z ∈ B(c+ cˆ, αρ),
|z − c| = |z − cˆ+ cˆ− c| 6 |z − (c+ cˆ)|+ |cˆ| 6 αρ+ ρ(1 − α) = ρ.
The strategy of player A will be to use the above move, no matter how B plays the
game.
We denote the diss hosen by B by Bk = (bk, ρk), and the diss hosen by A
by Ak = (ak, αρk). Note that
(5.3) |ak − bk| = |bk + cˆ− bk| = ρk(1− α).
Also, from gure 5, we see that
αρ
αβρ
ak
Figure 5. The point bk+1 must be hosen in the shaded area.
(5.4) |bk+1 − ak| 6 αρk − αβρk.
Hene, by (5.3) and (5.4),
|bk − bk+1| = |(bk − ak)− (bk+1 − ak)| >
∣∣ |bk − ak| − |bk+1 − ak| ∣∣
=
∣∣ρk(1− α) − |bk+1 − ak| ∣∣ > |ρk(1− α)− αρk + αβρk| = ρkγ.
Continuing as above, at eah step hoosing cˆ to point in the diretion of the rst
one hosen, we obtain,
|bk+t − bk| > ρkγ.
But sine ρk+t = (αβ)
tρk < ρk
γ
2 , we have for any z ∈ Bk+t,
|z − bk| >
∣∣ |z − bk+t| − |bk+t − bk| ∣∣ > ρk γ2 .
This ompletes the proof. 
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With the indution step done, we have shown that A an play in suh a way
that (5.1) holds for the nal intersetion point. In fat, we have found an expliit
lower bound on the onstant K for whih (5.1) holds.
From (5.1), we an get the Hausdor dimension of the set B. By onsidering
the amount of hoie B has in the game and using this to nd a lower bound on the
s-length of appropriate overs, we obtain a lower bound on the dimension of any
(α, β)-winning set. This onstrution was arried out in onsiderable generality by
W. M. Shmidt [117℄, who obtained a lower bound for the Hausdor dimension
of (α, β)-winning sets in real Hilbert spaes. We sketh an approah to obtaining
the dimension from the number α∗(B). Beause of the geometri nature of the
problem, B will be regarded as a subset in R2. We will ompute the usual planar
Hausdor dimension here and subsequently.
To obtain the Hausdor dimension of B, we onsider the game from B's point
of view. Assume rst without loss of generality that B0, the rst dis hosen, has
radius 1. At any point of the game, B an hoose to diret the game into a number
of disjoint diss. While there may be a variety of ways in whih these diss an be
hosen, the maximum number N(β) is roughly equal to 1/β2, i.e., N(β) ≍ 1/β2.
We limit B's hoie to these N(β) possible moves and assume that A is playing
to win the game. This gives us a parametrisation of the sequene of diss hosen by
B, so that Bk = Bk(j1, . . . , jk) with the ji ∈ {0, . . . , N(β)− 1} for i = 1, . . . , k. For
later use, note that the radius of eah these diss is ρk = (αβ)
k
. By simultaneously
onsidering all the dierent ways, B may play the game, we obtain a funtion
f : {0, . . . , N(β)− 1}N → B, (λk)k∈N 7→
⋂
k∈N
Bk(λ1, . . . , λk) = {x(λ)}.
We dene the set B∗ ⊆ B to be the range of f . As every number in the interval
[0, 1] has at least one expansion in base N(β), we may map this set onto the unit
interval by the map
g : B∗ → [0, 1], x(λ) 7→ 0.λ1λ2 . . . .
Note that these funtions ould well be multivalued, but this is of no onern to us.
All we need is a over of [0, 1]. We extend this funtion to subsets of the omplex
plane by dening g(Z) = g(Z ∩B∗) for any Z ⊆ C, where by onvention B(∅) = 0.
Now, take some over C = {Cl}l∈N of B with diss of radius ρ(Cl) = ρl. We
wish to nd a lower bound on the s-length of this over for appropriate s as ρl
beomes smaller. This is where the funtion g omes in handy. As C overs B∗,
we see that g(C) overs [0, 1]. We let µ denote the outer Lebesgue measure. By
sub-additivity,
(5.5)
∞∑
l=1
µ(g(Cl)) > µ
(
∞⋃
l=1
g(Cl)
)
> 1.
Now let ω > 0 be suiently small so that any dis of radius ω(αβ)k intersets
at most two of the diss Bk(j1, . . . , jk). By [117, Lemma 20℄, ω = 2/
√
3 − 1 < 1
has this property. We dene integers
kl =
[
log
(
2ω−1ρl
)
log(αβ)
]
.
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For ρl suiently small, we see that kl > 0 and ρl < ω(αβ)
kl
. Hene, the
dis Cl intersets at most two of the diss Bkl(j1, . . . , jkl). As g(Bkl(j1, . . . , jkl)) is
learly an interval of length N(β)−kl , we have µ(g(Cl)) 6 2N(β)
kl
, so by (5.5),
1 6
∞∑
l=1
µ(g(Cl)) 6
∞∑
l=1
2N(β)kl 6 2(2ω−1)
log(N(β))
|log(αβ)|
∞∑
l=1
ρ
log(N(β))
|log(αβ)|
l .
Thus, for s = log(N(β))/ |log(αβ)|, the s-length of the over C is stritly positive,
so the Hausdor dimension of B∗ must be greater than this number.
Now, we x α ∈ (0, 1/2) and apply the above,
dim
H
(B) >
log β−2
|logαβ| =
2 |log β|
|logα|+ |log β| → 2
as β → 0. We have thus proved the analogue of Jarník's theorem for the omplex
numbers:
Theorem 5.2. The set B is thik, i.e., for any dis B ⊆ C,
dim
H
(B ∩B) = 2.
6. The omplex JarníkBesiovith theorem
Let W ∗v be the set of v-approximable omplex numbers whih satisfy the in-
equality (4.7) for innitely many Gaussian rationals p/q (reall that p, q ∈ Z[i]).
The general JarníkBesiovith theorems in [63, 91℄ an be speialised to the Pi-
ard group to yield the Hausdor dimension of W ∗v (see [91, Corollary 2℄) but we
give a more self-ontained and diret proof. For onveniene we onsider
V ∗v := W
∗
v ∩ I2 =
{
z ∈ I2 :
∣∣∣∣z − pq
∣∣∣∣ < 1|q|v+1 for innitely many pq
}
.
Theorem 6.1.
dim
H
V ∗v = dimHW
∗
v =

4
v + 1
when v > 1,
2 when v 6 1.
When v 6 1, V ∗v is full by the omplex form of Khinthine's theorem so the
seond equality holds by (iii) in  2.2. As usual, the proof for v > 1 falls into two
parts. First, to obtain the upper bound for dim
H
V ∗v , onsider the over C (V
∗
v )
given by (4.16) with N = 1 and Ψ(k) = k−v−1. By (4.17), this has s-length
ℓs(C (V ∗v )) ≪
∞∑
k=1
∑
k6|q|<k+1
|q|2
(
|q|−v−1
)s
≪
∞∑
k=1
k2−(v+1)s
∑
k≤|q|<k+1
1
≪
∞∑
k=1
k3−s(v+1) <∞
for s > 4/(v + 1). It follows that when v > 1,
(6.1) dim
H
V ∗v 6
4
v + 1
.
To obtain the lower bound in the JarníkBesiovith theorem, we use ubiquity
[16, 45℄. Let S ⊆ I2 and let ρ : N → (0,∞) be a funtion. Put
B(S; q, ε) :=
{
z ∈ S :
∣∣∣∣z − pq
∣∣∣∣ < ε for some p ∈ Z[i]} .
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The set
R =
⋃
q
R(q) ⊂ C,
where the union is over non-zero q ∈ Z[i], onsists of disrete points and so has
dimension 0. Let S be any open square in I2. By denition, R is ubiquitous in
S ⊆ I2 = [0, 1)2 with respet to ρ if∣∣∣∣∣⋃
q
B(S; q, ρ(N))
∣∣∣∣∣→ |S|
as N →∞. Now by the omplex analogue of Dirihlet's theorem, for eah N ∈ N,{
z ∈ S :
∣∣∣∣z − pq
∣∣∣∣ < 2|q|N for some p, q ∈ Z[i], 1 6 |q| 6 N
}
=
⋃
q
B
(
q,
2
|q|N
)
= S,
so that ∣∣∣∣∣⋃
q
B
(
q,
2
|q|N
)∣∣∣∣∣ = |S|.
Consider the set S(N) of z ∈ S with `small denominators':
S(N) =
{
z ∈ S : there exist p, q suh that
∣∣∣∣z − pq
∣∣∣∣ < 2|q|N , 1 6 |q| < NlogN
}
=
⋃
16|q|<N/ logN
B
(
q,
2
|q|N
)
.
The measure |S(N)| of S(N) satises
|S(N)| =
∑
16|q|<N/ logN
|B(q, 2/|q|N)| ≪
∑
16|q|<N/ logN
(|q|N)−2|q|2
≪ N−2
∑
16|q|<N/ logN
1≪ N−2 (N/ logN)2 ≪ (logN)−2 → 0
as N → ∞. Choose ρ(N) = 2N−2 logN . Then sine |q| > N/ logN implies
ρ(N) > 2/|q|N , ⋃
N/ logN<|q|6N
B(q, ρ(N)) ⊃
⋃
N/ logN<|q|6N
B
(
q,
2
|q|N
)
→ S
in measure as N → ∞ and so R is ubiquitous with respet to ρ(N) = 2 logN/N2
for any S ⊆ I2 and so for S = I2. But sine Ψ is dereasing, by [45℄,
(6.2) dim
H
V ∗v > dimR+ codimR lim sup
N
log ρ(N)
logΨ(N)
=
4
v + 1
,
where dim is the topologial dimension, so that dimR = 0, the odimension
codimR in C (regarded as R2) of R is 2 and Ψ(N) = N−v−1.
The required result follows on ombining the two omplementary inequali-
ties (6.1) and (6.2).
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In fat, sine S was an arbitrary open square, R is loally ubiquitous and it
has been shown that the loal ubiquity of R also implies the divergene ase of
Khinthine's theorem [14℄.
Note that even though one might expet Diophantine approximation in C with
respet to Gaussian integers to be similar to simultaneous Diophantine approxima-
tion in the real plane R2, this is not at all the ase. The analogues of Dirihlet's
theorem, Khinthine's theorem and the JarníkBesiovith theorem are quite dif-
ferent in the two ases. Indeed the omplex Dirihlet's Theorem and the Jarník
Besiovith theorem are loser to the real, one-dimensional ase. Only the analogue
of Jarník's theorem on badly approximable numbers remains unhanged and in this
ase there is a substantial dierene in the proofs of the two theorems.
7. Appliations
The onnetion between the physial phenomenon of resonane and Diophan-
tine equations an give rise to the notorious problem of small denominators in whih
solutions to a variety of questions ontain denominators that an beome arbitrarily
small. When these small denominators are related to very well approximable points,
it is sometimes possible to impose appropriate Diophantine onditions whih over-
ome the problem by exluding the oending denominators without signiantly
aeting the validity of the solution. The tehniques developed in the metrial
theory of Diophantine approximation lend themselves to this and in partiular the
JarníkBesiovith theorem allows the determination of the Hausdor dimension
of the assoiated exeptional sets. Some examples of problems involving small de-
nominators and the assoiated exeptional sets are now disussed. We begin with
a very simple example.
7.1. Partial dierential equations. Diophantine approximation has been
applied to the wave equation ([97℄ and more reently [51℄), as well as to the
Shrödinger equation [83℄. For an extensive treatment of Diophantine problems
related to partial dierential equations, the reader is referred to [104℄.
We will illustrate the appliations of Diophantine approximation by Gaussian
rationals by onsidering the following innouous rst-order linear omplex partial
dierential equation,
(7.1) α
∂f(z, t)
∂t
+ β
∂f(z, t)
∂z
= g(z, t),
where z ∈ {x + iy ∈ C : x, y > 0}, t > 0 and α, β are non-zero omplex numbers.
That is, we are studying the partial dierential equation on the interior of the set
dened above under the additional assumption that the funtions involved as well
as all their derivatives may be extended to the whole set. Assume that g(z, t) is
smooth (i.e., C∞) and an be expressed in the form
g(z, t) =
∑
a,b,c,d∈Z
ga,b,c,d exp ((a+ ib)z + (c+ id)t) , ga,b,d,c ∈ C.
We seek smooth solutions to this equation of the same form, namely
(7.2) f(z, t) =
∑
a,b,c,d∈Z
fa,b,c,d exp ((a+ ib)z + (c+ id)t) , fa,b,d,c ∈ C.
Thus, we are not just looking for solutions but rather trying to solve the partial
dierential equation subjet to boundary onditions.
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As usual, we solve the problem formally by substituting these two expressions
into (7.1) and identifying oeients on either side of the equality. Isolating the
oeients of f , we get
(7.3) fa,b,c,d =
1
α
β
α (a+ ib) + (c+ id)
ga,b,c,d.
We need the oeients to deay fast enough so that both the series (7.2) and its
derivatives are onvergent. Sine g is already smooth, the oeients ga,b,c,d deay
rapidly and so are not obstruting this onvergene. However, the denominator
of the fration may beome small and ause the the oeients fa,b,c,d to beome
large enough to pose a problem. In order to avoid this, we see that it is ertainly
suient for the denominator to be bounded from below by some polynomial in
a, b, c, d, i.e., we require for some K, v > 0 and for all (a, b, c, d) ∈ Z4 \ {0},
(7.4)
∣∣∣∣βα (a+ ib) + (c+ id)
∣∣∣∣ > Kmax {|a| , |b| , |c| , |d|}−v .
Sine we are only onerned with small denominators, we an assume without loss
of generality that |a+ ib| ≍ |c+ id|, so that after adjusting K we an drop the
dependene on c, d on the right-hand side of (7.4) and require∣∣∣∣βα − pq
∣∣∣∣ > K|q|v+1 ,
where p = a+ ib and q = c+ id. Thus we require β/α to be of omplex Diophantine
type (K, v) for some K, v. The omplement of this set is E∗ = ∩v>1E∗v , where
E∗v =
{
z ∈ C : for any K > 0,
∣∣∣∣z − pq
∣∣∣∣ < K|q|v+1 for some p, q ∈ Z[i]
}
.
But it an be readily veried by an argument similar to that giving the inlu-
sion (3.13), that for eah ε > 0,
W ∗v+ε ⊂ E∗v ⊂W ∗v ,
whene by the properties of Hausdor dimension given in 2.2 and the Jarník
Besiovith theorem for Gaussian rational approximation (Theorem 6.1),
dim
H
E∗v =
4
v + 1
for v > 1 and so dim
H
E∗ = limv→∞ dimHE
∗
v = 0. Thus the exeptional set
assoiated with the inequality (7.4) failing to hold has Hausdor dimension zero.
7.2. The rotation number. The rotation number ρ(f) is a measure of how
far `on average' a ontinuous, orientation preserving homeomorphism f : S1 → S1
moves a point round the irle. We will not give the fairly lengthy denition whih
is explained in [16, 43, 71, 96℄ but ontent ourselves with the observation that the
rotation number of a rotation rα by an angle 2πα, where 0 6 α < 1, given by
rα(z) = ze
2piiα
is, naturally enough, α. The rotation number is a nie example of how Diophantine
properties an arise in analysis as it an be shown that ρ(f) is irrational if and only
if f has no periodi points (see [71, Chap. 11,12℄ or [96, Chap. 1℄ for more details).
If ρ(f) is irrational then for z ∈ S1, the losure A of the orbit
ω(z) = {fn(z) : n ∈ N}
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does not depend on z and either A is perfet and nowhere dense or A = S1.
In the latter ase f is transitive and is topologially onjugate to the rotation
rρ(f) by the rotation number ρ(f) of f , i.e., there exists an orientation preserving
homeomorphism ϕ : S1 → S1 suh that
f = ϕ−1 ◦ rρ(f) ◦ ϕ,
usually written f ∼ rρ(f). This an be regarded as obtaining a normal form for f
and is analogous to diagonalising a matrix.
Denjoy showed that when f is C2 and ρ(f) is irrational, then f is topologially
onjugate to the rotation by ρ(f). More subtle aspets arise when additional dif-
ferentiability onditions are imposed on the onjugation. For example, every C∞
dieomorphism f of the the irle is C∞ onjugate to a rotation if and only if the
rotation number ρ(f) of f is of Diophantine type [136℄. In the analyti ase, the
rotation numbers of real analyti dieomorphisms form a set lying stritly between
D and the set of Bruno numbers [137, p. 92℄. As in the preeding example, the
Diophantine ondition arises from the denominator 1− e2piiρk in the oeients for
a Fourier series solution of a linearised auxiliary equation in an iterative Newton's
tangent method argument, modied at eah step to retain onvergene. In order
to guarantee onvergene of the iterative argument and of the Fourier series, the
inequalities
|1− e2piiρk| > 2
∣∣∣∣sin(ρk − j2
)∣∣∣∣ > 2|ρk − j|π ,
where ρk−j ∈ [0, 2π), must be set against the very rapid deay of the orresponding
Fourier oeient fk (≪ k−N for any N > 0) in the numerator. It sues that ρ
is of Diophantine type (K, v) for some K > 0, v > 1, sine then
|kρ− j| > K
kv
, i.e.,
∣∣∣∣ρ− jk
∣∣∣∣ > Kkv+1 ,
for all j/k ∈ Q.
Now we saw in 3.2.2 that when v > 1, almost all real numbers are of Diophan-
tine type (K, v) for some positive K, i.e., the set
Dv =
⋃
K>0
{α ∈ R : |α− p/q| > Kq−1−v for eah p/q ∈ Q}
is of full Lebesgue measure. Thus the omplementary set Ev
Ev =
⋂
K>0
{α ∈ R : |α− p/q| < Kq−2−v for some p/q ∈ Q}
is null for v > 1 (see 3.2.2). As in the preeding setion, its Hausdor dimension
an be determined using the inlusions (3.13) and the JarníkBesiovith theorem
(Theorem 4.4)
dim
H
Ev = dimHWv =
2
v + 1
for v > 1. If the rotation number of the smooth irle funtion f does not lie
in E =
⋂
v>1 Ev = limv→∞ Ev (Ev dereases as v inreases), then f is smoothly
onjugate to a rotation. The Hausdor dimension of the exeptional set is
(7.5) dim
H
E = lim
v→∞
2
v + 1
= 0,
i.e., the omplement of D has Hausdor dimension 0.
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7.3. The struture of Julia and Fatou sets. Let R(z) = P (z)/Q(z) be
a rational map on the Riemann sphere C∞. A famous result due to Sullivan [90,
132, 133℄ (see also [102℄) states that the Fatou set FR = C∞ \ JR of suh a map
has ountably many periodi onneted omponents. These onneted omponents
were further lassied aording to the type of periodi yles they are assoiated
with. As the Julia set is the omplementary set of the Fatou set, this lassiation
also deals with the struture of the Julia set on whih the dynamis of Q is haoti.
Cyles may be lassied aording to the value of dR/dz on the points of the
yle. By the hain rule, this value remains onstant, λ say. The yle is attrating
(resp. repelling) as |λ| < 1 (resp. |λ| > 1). Repelling yles are part of the Julia set
JR, so no parts of the Fatou set orresponds to this ase. For attrating yles, an
assoiated periodi onneted omponent of the Fatou set is in fat the immediate
basin of attration of this yle, i.e. the union of the onneted omponents of the
Fatou set ontaining the points of the yle in question.
When |λ| = 1, Diophantine properties of λ determine the behaviour of the
dynamis of R and hene the struture of the Julia and Fatou sets. In this ase,
λ = exp(2πiα). When α is rational, the yle is said to be paraboli and the
assoiated omponent of the Fatou set is again the immediate basin of attration.
In the ase when α is irrational, one is interested in the situation when the
domain of the Fatou set orresponding to the periodi point is a olletion of Siegel
diss assoiated with the yle. That is, we are looking for sets on whih the
dynamis are topologially onjugate to a rotation of a dis. Suh rotation numbers
were studied in the preeding setion, where the exeptional set assoiated with the
failure of this ondition was shown to have Hausdor dimension zero.
7.4. Linearising dieomorphisms. Suppose the omplex analyti dieo-
morphism f : Cn → Cn has a xed point. Without loss of generality, this an
be taken to be the origin, so that f(0) = 0. If in a neighbourhood of 0, f is analyt-
ially (biholomorphially) onjugate to its linear part or Jaobian Df |0 = A say,
the funtion f is said to be linearisable. The linearising transformation φ is given
by the solution to the funtional equation
f = φ−1 ◦A ◦ φ,
known as Shröder's equation when n = 1. Thus linearisation is similar to onju-
gating a irle map to a rotation, disussed above in 7.2. And problems of small
denominators arise when the eigenvalues α1, . . . , αn of A are lose to being resonant
in the sense that they are lose to satisfying the equation
αk =
n∏
r=1
αjrr
for all j = (j1, . . . , jn) with jr ∈ N ∪ {0}, r = 1, . . . , n and |j|1 =
∑
r |jr| > 2.
Linearisation is well understood when n = 1 and the dieomorphism f : C → C
with f(0) = 0 an be linearised when |(Df |0)| = |f ′(0)| 6= 1. The interesting ase
when |f ′(0)| = 1 is losely related via lifts to the onjugay of a irle map to a
rotation, disussed in 7.2 above, and neessary and suient onditions for the
linearisation of a dieomorphism f : C → C are known [137℄. On the other hand,
when n > 2, the problem of nding whih funtions an be linearised is very diult
but Siegel's normal forms theorem [123, 124℄ gives suient onditions on Df |0
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for the existene of a linearising transformation φ. The point (α1, . . . , αn) in C
n
is
said to be of multipliative type (K, v) [7, p. 191℄ if
(7.6)
∣∣∣∣∣αk −
n∏
r=1
αjrr
∣∣∣∣∣ > K|j|−v1
for all j ∈ (N ∪ {0})n with |j|1 > 2. Siegel showed that if the vetor (α1, . . . , αn) of
eigenvalues of Df |0 is of multipliative type (K, v) for some K > 0 and v > 0, then
f an be linearised in a neighbourhood (further details are in [7, 61, 93℄). To stop
Siegel's ondition being too restritive, one hooses v > (n − 1)/2, sine then the
set of points of multipliative type (K, v) has full measure for any K > 0. However,
the neighbourhood of linearisation dereases as v inreases (it also depends on K
but less signiantly) and so we do not want v to be too large.
Let Ev denote the exeptional set of points in Cn (regarded as R2n) whih for
a given exponent v, fail to be of multipliative type (K, v) for any K > 0 and so
fail to satisfy the onditions of Siegel's theorem and suppose if v > (n−1)/2. Then
Ev is null and its Hausdor dimension is given by (4.2); namely,
(7.7) dim Ev = 2(n− 1) + n+ 1
v + 1
.
This result is established by means of an exponential map whih preserves the
Hausdor dimension and allows Ev to be replaed by a set involving a more general
kind of additive type (see next setion) with a simpler struture [46℄.
7.5. Lyapunov stability of vetor elds. Consider the dierential equation
(7.8) z˙ = Az +Q(z) ∈ Cn,
where A is a n × n omplex matrix and the holomorphi funtions Q : Cn → Cn
and ∂Qk/∂zj vanish at the origin 0. The obvious solution z0(t) = 0 is said to be
future (resp. past) stable if points near 0 remain there under evolution by (7.8)
to the future (resp. past). More preisely, the solution z(t) is future (resp. past)
stable if for every neighbourhood N of 0, there exists a subneighbourhood N ′ with
0 ∈ N ′ ⊂ N suh that z(0) ∈ N ′ guarantees that z(t) ∈ N for all t > 0 (resp. t < 0).
By a well known theorem of Lyapunov [93℄, the solution is future stable if the real
parts of the eigenvalues of A are at most 0 and past stable if the real parts are at
least 0. Thus for the solution z(t) to be future and past stable or simply stable, the
eigenvalues must have zero real part and so must be purely imaginary. The stability
of the solution z(t) is determined by a remarkable theorem due to Carathéodory and
Cartan [93℄ whih asserts that stability is equivalent to A being diagonalisable with
purely imaginary eigenvalues and the vetor eld being holomorphially linearisable
in a neighbourhood of the origin. By Siegel's normal form theorem [123, 124℄, also
used in the preeding setion, this last ondition holds if the eigenvalues γk = iλk,
λk ∈ R, satisfy for some K>0, v > n− 1,
(7.9)
∣∣∣∣∣λk −
n∑
r=1
λr jr
∣∣∣∣∣ > K |j|−v1
for all j ∈ (N ∪ {0})n with |j|1 > 2 (note that this is the additive form of (7.6)).
The omplement of this set of points λ ∈ Rn of additive type is the set of α ∈ Rn
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suh that for any K > 0,
(7.10)
∣∣∣∣∣αk −
n∑
r=1
αr jr
∣∣∣∣∣ < K |j|−v1
for some j ∈ Zn. This set, Êv say, is related to and has the same metrial harater
as the set
(7.11) L̂v = {α : |q ·α| < |q|−v∞ for innitely many q ∈ Zn}
and in fat by an argument similar to that giving (3.13), for any ε > 0,
L̂v+ε ⊂ Êv ⊂ L̂v
(see [16, Set. 7.5.2℄). This inlusion implies that the two sets L̂v and Êv have the
same Hausdor dimension. The set L̂v is also related to Lv and roughly speaking,
has one degree of freedom less. The Hausdor dimension of L̂v is a speial ase of
an `absolute value' analogue, proved by Dikinson [38℄, of the general form of the
JarníkBesiovith theorem:
(7.12) dim L̂v = dim Êv = n− 1 + n
v + 1
when v > n− 1 (see also [47℄); note that L̂v = Rn otherwise. Thus the exeptional
set of eigenvalues for whih the solution to (7.8) annot be shown to be stable has
Hausdor dimension 0.
7.6. Kolmogorov-Arnol'd-Moser theory. The stability of the solar system
is one of the oldest problems in mehanis [94℄. It is of ourse a speial ase of the
N body problem of understanding the motion of N point masses subjet only to
gravitational attration, with all other fores negleted. When N = 2, the solution
is well known and the periodi solutions in whih the bodies move in an ellipse
about their entre of mass persist forever. For N > 3, however, the situation is
extraordinarily ompliated and is far from being fully understood, even for solar
systems where the mass mN of the sun is muh greater than the masses of the
n = N − 1 planets. If, as a rst approximation, the entre of mass of the system
is assumed to oinide with that of the sun and if the gravitational interations
between the planets and other eets are negleted, the system deouples into n
two-body problems, in whih eah planet desribes an elliptial orbit around the
sun, with period Tj say and frequeny ωj = 2π/Tj, j = 1, . . . , n.
For eah vetor ω = (ω1, . . . , ωn) of frequenies in the n-dimensional torus
Tn = S1 × · · · × S1, the map ϕω : R → Tn given by
ϕω(t) = ϕω(0) + tω
is a quasi-periodi ow on the torus.
The ase n = 1 orresponds to uniform motion around a irle and so is peri-
odi. When the frequenies are all rational, the ow is periodi. If the frequenies
are not all rational, then by Kroneker's theorem [57℄, the ow winds round the
torus, densely lling a subspae of dimension given by the number of rationally
independent frequenies. Thus when the frequenies are independent, the losure
of ϕω(R) is the torus T
n
and solutions will persist for ever. Gravitational intera-
tions between the planets are represented by a small perturbation of the original
Hamiltonian desribing the system. Stability then redues to the solutions of the
perturbed Hamiltonian system ontinuing to wind round a perturbed invariant
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torus. Of ourse this model is idealised and takes no aount of the nal fate of the
universe.
Details of the history of the solution to this problem are in [93, Chap. 1℄.
Siegel's suess in overoming the related `small denominator' problem in the lin-
earisation of omplex dieomorphisms (see 7.4, 7.5) was followed by Kolmogorov's
onjeture that quasi-periodi solutions for a perturbed analyti Hamiltonian sys-
tem not only existed but were relatively abundant in the sense that they formed a
ompliated Cantor type set of positive Lebesgue measure [81℄. This was proved
ompletely in 1962 by Arnol'd [5℄ and independently Moser proved an analogous
result for suiently smooth `twist' maps [92, 125℄. The results imply that for
planets very muh smaller than the sun and for the majority of initial onditions
in whih the orbits are lose to o-planar irles, distanes between the bodies will
remain perpetually bounded, i.e., the planets will never ollide, esape or fall into
the sun. Further details an be found in [8℄ and [36℄.
The dierentiability and Diophantine onditions were relaxed substantially by
Rüssmann in [107, 108, 109℄ (see also [9, Set. 6.3℄, [48℄, [93, Chap. 1℄, [103℄).
Another approah is to use `averaging' methods [7℄; this an involve Diophantine
approximation on manifolds [44℄, see also [109℄.
As in the above examples, it turns out that in order to ensure onvergene of
a Fourier series and an innite dimensional extension of Newton's iterative tangent
method, the frequenies ω = (ω1, . . . , ωn) must satisfy a Diophantine ondition,
whih in this ase is
(7.13) |q · ω| = |q1ω1 + · · ·+ qnωn| > K|q|−v1 ,
for some positive onstantsK = K(ω) and v = v(ω) for all non-zero q = (q1, . . . , qn)
vetors in Zn. The exponent v is subjet to two oniting requirements. It should
be large enough (v > n − 1) to ensure that the Diophantine ondition above is
not too restritive, but small enough to ensure that the perturbation has physial
signiane and that the stability is robust. The proof breaks down when the
frequenies lie in the omplementary exeptional set Ev, say, of frequenies whih
are lose to resonane in the sense that, given any K > 0, there exists a q ∈ Zn
suh that
|q ·α| < K|q|−v1 .
The set Ev is related to the set L̂v disussed in the preeding setion and allows us
to dedue that
dim
H
Ev = dimHL̂v = n− 1 + n
v + 1
when v > n− 1.
Thus Hausdor dimension plays its part in other branhes of mathematis and
mehanis, as well as in number theory. It has even been of use to Mandelbrot in
arousing the interest of mathematiians in his profoundly original and imaginative
ideas [29, Chapter 2℄.
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